We consider the majority-vote dynamics where the noise parameter, associated with each spin on a two-dimensional square lattice, is a bimodally distributed random variable defined as q with probability (1 − f ) or zero with probability f , where 0 ≤ f ≤ 1 is the proportion of noiseless sites. We use Monte Carlo simulations and finite size scaling theory to characterize the ordered and disordered phases and study the phase transition of the model. We conclude that in the thermodynamic limit, the value of the critical noise below which there exists an ordered phase increases with f , the fraction of sites with zero noise. The calculation of the critical exponents shows that the introduction of disorder in the noise parameter does not alter the Ising critical behavior of the model system.
Introduction
Sociophysics has become a very active field of research and many models were introduced to investigate the main features of their dynamics and behavior [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Regular and complex networks were widely used to model the connections among people or agents in a real society. The majority-vote model with noise [13] [14] [15] is a simple agent based model that describes social interactions and presents a phase transition for some value of the noise. The study of this model and its variants has contributed to the development of statistical-mechanics and its techniques [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] .
The majority-vote model with noise consists of a network of agents who can hold an opinion for or against some issue.
This opinion or state is represented by a stochastic variable that can assume, in a given time, one of the two values +1 and −1. The model system evolves in time according to the majority-vote rule in which each agent assumes the state of the majority of its neighbors with probability 1 − q, and assumes the opposite state with probability q. The noise parameter q is a measure of the resistance of the individuals to follow the dominant opinion of their respective environment. Despite its success, the majority-vote model lacks some basic realistic features. For instance, the model assumes that every individual in society has the same resistance q. In actual societies we expect that different individuals have different chances to adopt a new posture. In this way, we introduce an additional parameter in the majority-vote model accounting for the differences among individuals. We suppose a binary distribution of the noise parameter where each agent has noise q with probability 1 − f and it has zero noise with probability f . We shall refer to the new parameter f as the zero noise or noiseless parameter.
In this work we consider the critical behavior of the majority-vote model with such a binary noise distribution. The main objective is to obtain the phase diagram and critical exponents characterizing the continuous phase transitions. This paper is organized as follows. Section 2 describes the heterogeneous majority-vote model with a binary distribution of noise. In Section 3 we present our results along with a discussion, and we conclude in Section 4.
The heterogeneous majority-vote model with noise
The model we consider in this work is a two-dimensional Ising system consisting of an L × L square lattice with periodic boundary conditions. The spin positioned at the site r i in the lattice (σ i ) interacts equally with its k i nearest neighbors (nnspins), and, as a result of this interaction, it assumes the state of the majority of its nn-spins with probability 1 − q i and the opposite state with probability q i . In this way, the single spin flip probability may be written as
where S(x) = sgn(x) if x ̸ = 0 and S(0) = 0. In the latter case the spin σ i is flipped to ±1 with probability equal to 1/2. The summation is over all the k i nn-spins connected to the spin at site i and for square lattice networks k i = 4 for all i. The flip probability for q i = 0 corresponds to the Ising model at temperature T = 0, which exhibits symmetry under the change of states of the spin variables. For q i = q ̸ = 0, the homogeneous model [13] [14] [15] , the symmetry σ i → −σ i still holds provided that we also change q → (1 − q). However it fails for the heterogeneous case considered here. The homogeneous majority-vote model assumes q i = q, the noise parameter, for all spins in the network. In the heterogeneous majority-vote model the random variable q i may be distributed according to any distribution function. Here we will consider the case of a bimodal distribution of noises in which a fraction f of spins in the system is composed of noiseless spins, that is, we have Nf spins chosen at random with q i = 0, whereas the remaining N(1 − f ) spins have noise q i = q. Therefore, the probability that any given spin in the system has noise q is given by
As the noise parameter q grows to unity, all spins of the network have a trend to be anti-parallel to the majority of its neighborhood, characterizing the disordered state. They tend to align parallel when q is cooled down below a critical value q c , where the system presents ordering.
Clearly, three situations arise from Eq. (2). For f = 0, we have the homogeneous (usual) majority-vote model with noise, first studied on a regular square lattice [15] , and then expanded to consider more complex topologies such as random graphs and small-world networks [18, 19] . In the other extreme, when f = 1, that is q = 0, for all spins in the network, the final stationary state is the consensus state in which all spins point in the same direction. In this work we explore the intermediate situation where the fraction of noiseless spins varies in the range 0 < f < 1. Now, for each value of the noiseless parameter f , we expect there exists a critical value of the noise parameter, q c = q c (f ), above which the system cannot support an ordered state. One of the aims of our work is to determine the critical line in the q × f parameter space.
Results and discussion
We calculate the magnetization M L (q), the susceptibility χ L (q), and Binder's fourth-order cumulant U L (q), defined by
where N = L 2 is the number of sites of the network, ⟨...⟩ stands for time average taken in the stationary regime, and [...]
denotes configurational averages over the fraction of zero noise sites f . We also use the following finite-size scaling relations to characterize the critical behavior of the model:
where ε = q − q c is the distance from the critical noise, and the universal scaling functions  M,  χ and  U depend only on the scaling variable x = εL 1/ν . The exponents β, γ , and ν are the usual static critical exponents for continuous phase transitions of the model. Monte Carlo simulations were performed on a square lattice of size L, with periodic boundary conditions. Here L is the lattice size and we considered systems with N = L 2 spins, for N = 900, 2500, 4900, 10 000, 22 500 and 40 000. For each pair of parameters q and f , we waited 10 000 Monte Carlo steps (MCSs) to allow the system to reach the steady state. Time averages were taken over the next 50 000 MCSs. One MCS is accomplished after all the N spins, which are picked randomly, are updated. The simulations were repeated up to 400 different samples, considering a quenched distribution of noises. In Fig. 1 we present the magnetization as a function of the noise q for a system size 200 × 200 with different values of zero noise fraction f . The f = 0 case corresponds to the homogeneous (usual) majority vote model with noise, whereas in the other extreme, f = 1, all sites have zero noise and no phase transition is expected. As f increases from f = 0 to f = 0.7 the value of q at which the magnetization vanishes also increases. Surprisingly, when f ≥ 0.8, we have observed that the magnetization remains above zero for all q in the closed interval [0, 1]. This is not a finite size effect, as we can infer from the following finite-size scaling analysis. In fact, in the thermodynamic limit we have a line of critical points q c (f ), above which the system is disordered.
The role of the parameter f is better illustrated by the behavior of the susceptibility shown in Fig. 2 , since the susceptibility is related to the fluctuations in the system. As we can see, the curves for χ (q) present a broadening of the maxima and a decrease of their heights with the increase of f . This behavior indicates that f suppresses the fluctuations induced by q shifting the phase transition to higher q c as f increases. The maximum of each curve also gives an estimation of the finitesize critical noise parameter, q c,L (f ), for the corresponding concentration of zero noise sites. The location of these peaks is in accordance with our expectation of a line of critical points given by a monotonically increasing function q c (f ).
To obtain the critical noise parameter q c (f ), which is independent of the system size L, we calculated Binder's fourth-order cumulant U L for different values of L, with a fixed value of the noiseless parameter f . In Fig. 3 we plot Binder's fourth-order cumulant for f = 0.10. The critical noise parameter q c (f = 0.10) is estimated as the point where the curves for different system sizes L intercept each other; we found q c (0.10) = 0.0846 ± 0.0001 with U(q c ) = 0.61 ± 0.01. This procedure was repeated for various values of f and the resulting phase diagram in the q × f parameter space is shown in Fig. 4 . It is worth noting that for f > f c , where we estimate (see below) f c = 0.736 ± 0.001, the system remains ordered for all values of the noise parameter. In Fig. 5 we plot the magnetization at q = 1 as a function of 1/L, for several values of L between L = 50 and L = 270. We see that the systems remain ordered even for the maximum value of the noise parameter, q = 1 when f is higher than some critical value f c .
In order to illustrate the ordering induced by f we carried out visual simulations. In Fig. 6 we show some snapshots of the system at q = 0.075, the critical noise for the f = 0 case studied in Ref. [15] . As we anticipated, the order in the system increases when the number of zero noise sites increases and this causes the growth of white spots in the sequence of panels.
By increasing f we are promoting the formation of a giant cluster of noiseless spins having the majority of their neighboring spins also with zero noise. Since q affects only a few sites of the network, the spins end up aligned for all q. The competition between the correlation length associated with the giant cluster and that associated with the spin interaction, results in a value of f = f c above which there is no phase transition at all. Fig. 5 shows the magnetization versus the inverse of the system size at q = 1. We see that for f ≤ 0.70 the magnetization tends to zero in the thermodynamic limit (1/L → 0). On the contrary, for f ≥ 0.85 the magnetization remains finite for all values of L. In order to obtain a better estimate for f c ,
we consider a percolation model in which the active sites are noiseless spins having the majority (at least three for square For f f c , the model system presents continuous order-disorder phase transition and for this region we have calculated the critical exponents. From the log-log plots of the magnetization and susceptibility, at q = q c , as functions of the system size L, we obtained values for β/ν and γ /ν in agreement with those for the two-dimensional Ising model. In Fig. 7 we show, a b 
Conclusion
We studied the majority-vote model with a bimodal distribution of noise. Monte Carlo simulation on regular square lattices, and for a quenched distribution of noises, indicates that the presence of a fraction f of sites with zero noise does not change the Ising universality class of the order-disorder phase transition. The phase transition can only occur for f ≤ f c ; within this region, the critical noise q c (f ) at which the transition takes place is a monotonically increasing function of f . For f > f c the magnetization remains finite even for the maximum value of the noise parameter q = 1. Further generalizations of the majority-vote model with other distributions of noise, considering different topologies of networks, as well as the annealed version of the model could be interesting.
